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Abstract. In this paper we present approximations of the outage prob-
ability for an amplify-and-forward MIMO relaying system with three
nodes, which employs multiple antennas at the nodes and orthogonal
space-time block coding (OSTBC) transmission over a flat Rayleigh fad-
ing. In the amplify-and-forward relay, the incoming signal is decoupled,
amplified and forwarded to the destination. Under assumption of avail-
ability of full channel state information at the relay and destination and
availability of direct link between the source and destination we derived
expression for approximation of the outage probability which is suffi-
ciently accurate in the entire SNR range of practical interest. The results
obtained by this approximation are compared with the the approxima-
tions for outage probability of the system without direct link to the
destination.
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1 Introduction

Multiple-input multiple-output (MIMO) technology is becoming commonplace
in the contemporary communication systems since it offers significant perfor-
mance improvements in terms of their capacity and reliability, achieved through
exploiting the multipath propagation in the wireless medium. Wireless sys-
tems with multiple antennas are currently used in local area networks (802.11n,
802.11ac) and in cellular systems such as LTE and LTE advanced. Partly moti-
vated by the MIMO concept, a user cooperation has emerged as an additional
breakthrough concept in wireless communications, called cooperative diversity,
which has the potential to revolutionize the next generation communication sys-
tems by offering additional capacity and reliability improvements with small
additional signal processing and cost [1].

In the literature (e.g. [2] - [7]) for the implementation of the MIMO AF relaying
system a specific amplify and forward (AF) relaying scheme called Decouple-



and-Forward (DCF) relaying is used that has been proposed by Lee et al. in [2].
DCF is linear processing technique by which the relay converts multiple spatial
streams of the received OSTBC signal into a single spatial stream signal without
symbol decoding.

In this paper we derived simple universal approximations for the outage proba-
bility of the amplify-and-forward MIMO relay system with direct link, consisted
of a source, a decouple-and-forward half-duplex relay and a destination, each
equipped with multiple antennas and utilizing an OSTBC transmission tech-
nique in a Rayleigh fading environment. The results are compared with the
approximations of the outage probability of a dual hop decouple-and-forward
relaying system that already exist in literature [4].

In [3]- [7] we analyzed the performance of the amplify-and-forward MIMO relay
systems without direct link from the source to the destination. This analysis is
applicable when the sent signal from the source to the destination is very weak or
it does not exist at the destination. In such case the destination is reconstructing
the sent signal by processing the signal sent by the relay. Hence we call such
system a cascade amplify-and-forward MIMO relay system.

In [10] it is shown that the use of the relay which is helping the communica-
tion between the source and the destination might increase the capacity of the
system. According [11] the total end-to-end instantaneous SNR of an amplify-
and-forward relay system is a sum of two random variables: the SNR of the
direct component from the source to the destination (γ1) and the end-to-end
SNR - γ2 of the component that passes via the relay (Fig.1). We study the out-
age probability of this relay system under the assumption that γ1 of the direct
transmission branch is statistically independent from γ2 of the relay transmission
branch.

The remainder of this paper is organized as follows. Next section presents the
system model. In Section 3 we derive the simple expressions for the probability
density function (PDF) of the amplify-and-forward MIMO relay system with and
without direct link to the destination and then derive the closed form expression
for approximation of the outage probability of the amplify-and-forward MIMO
relay system with direct link to the destination. Numerical results are presented
in Section 4 and Section 5 concludes the article.

2 System Model

The system model is presented in Fig.1 where the upper branch of the system
represents the cascade amplify-and-forward MIMO relay system, and the lower
branch of the system represents the direct transmission link from the source to
the destination. It consists of a source, an amplify-and-forward MIMO relay and
a destination. Each of the three nodes are equipped with N antennas and utilize
OSTBC transmission. The relay employs a decouple-and-forward transmission
scheme in which if the additive channel noise is neglected, the estimate of the
transmitted symbol at the relay can be mathematically expressed as product
of the transmitted symbol and the sum of the squared modulus of the MIMO



channel coefficients. After the relay decouples the OSTBC signal it re-encodes
the decoupled symbols by usage of OSTBC, amplifies each of them separately
and transmits them over the relay-destination hop.

Fig. 1. Dual-hop amplify-and-forward MIMO relay system with direct link to the
destination

We consider NxNxN relay configuration, where the source, the relay and the
destination are each equipped with N antennas. We assume that there is no
spatial correlation between the signals transmitted or received in different an-
tennas. The amplify-and-forward relay applies variable-gain amplification of its
input signal, which requires the instantaneous channel state information of the
source-relay hop being available to the relay [12]. The destination is also assumed
to have a full channel state information of the relay-destination and source-
destination hops for coherent demodulation. The source-relay, relay-destination
and source-destination hops are modeled as the independent MIMO Rayleigh
channels with channel coefficients between the i-th transmit antenna and j-th
receive antenna, considered as independent circularly-symmetric complex Gaus-
sian random processes with zero mean and unit variance. Therefore, the squared
envelope of signal transmitted over channel follows the exponentially decaying
PDF [13] with unit mean squared values. The source transmits with power P.
The utilized OSTBC codes are designated as three digit codes, NKL, where N
is the number of antennas, K is the number of code symbols transmitted in a
code block, and L is the number of required time slots for single codeword [8].

We assume that the relay branch of the system operates in half-duplex mode,
divided in two phases (phase 1 and phase 2). The source transmits towards re-
lay during phase 1, then relay transmits towards destination during phase 2.
Since we assume that the source employs the OSTB encoding in the phase 1,
group of K information symbols are transmitted over the N transmit antennas
in L successive time slots. During the phase 2 the NxNxN system’s relay de-
couples, amplifies, OSTB encodes and transmits the K received symbols to the
destination.

We have focused on several practical OSTBC schemes, such as 222, 334 and
434, and established their respective approximate outage probabilities when ap-
plied in the considered system depicted on Fig.1 with codeword matrices picked



according [8] and [9] and given with [3, eq.(32)], [4, eq.(15)] and [7, eq.(20)] with
average power per symbol E = P · c, c = L/ (KN). The received symbols in a
single relay antenna for 222, 334 and 434 OSTB codes are decoupled according
to [3, eq.(34)] i.e. [7, eq.(22)].

3 Outage probability analysis

The outage probability is defined as the probability that the instantaneous
SNR falls below a predetermined threshold ratio γth. For the cascade amplify-
and-forward MIMO relay channel the approximation of the outage probability
is [4]:

Pout = FΓ (γ)|γ=γth ≈ 1−
m−1∑
n=0

(b+ 1)n

n!

(
γth
γ

)n
exp

(
− (b+ 1)γth

γ

)
, (1)

where and F (...) designates the Cumulative Distribution Function (CDF) ap-
proximation of the instantaneous end-to-end SNR which is obtained by taking
the terms with k = 0 in [3, eq.(22)] i.e. [4, eq. (12)] and γ is the average SNR per
symbol. This expression can be used for calculation of the outage probability for
the Nx1xN system (m = N and b = c = L/ (KN)) and for the NxNxN system
(m = N2 and b = 1) where b is the power normalization factor. In this paper we
focus on NxNxN system for which we select b = 1. The tight approximation of
the PDF is given with [3, eq.(24)] and its accuracy is presented in the discussion
of [3, sec.(5)] and depicted on [3, fig.(2) - fig.(7)]. The simplification of [3, eq.(24)]
is necessary in order to simplify the mathematical analysis of the amplify-and-
forward MIMO relay system with direct link to the destination. The accuracy
of this approach of simplification is checked for the cascade amplify-and-forward
MIMO relay system through the analysis of the approximation of error probabil-
ity [7, eq. (19)] given in [7, sec.(5)] and the approximation of outage probability
in [4, eq.(14)] presented in [4, sec.(5)].

For the derivation of the simplified PDF of cascade amplify-and-forward
MIMO relay channel the second term in (1) may be express through Gamma and
incomplete upper Gamma function [14, eq.(8.350.2)] by using of [14, eq.(8.352.2)].
If we use [15, eq.(6.5.3)] we obtain the following expression for the CDF of the
cascade amplify-and-forward MIMO relay system:

FΓ (γ) ≈ 1−
Γ
(
m, (b+1)γ

γ

)
Γ (m) =

γ
(
m, (b+1)γ

γ

)
Γ (m) , (2)

where γ (...) is lower incomplete Gamma function [14, eq. (8.350.1)]. CDF func-
tion given in (2) is CDF of the random variable that is following the gamma
PDF with shape parameter m and scale parameter θ = γ/ (b+ 1), hence the in-
stantaneous end-to-end SNR [3, eq.(8)] for cascade amplify-and-forward MIMO
relay channel might be approximated by random variable which follows Gamma
PDF:



f (γ) = 1
θm · Γ (m) γ

m−1e−
γ
θ = (b+ 1)m

γm · Γ (m) γ
m−1e

− (b+1)γ
γ , θ = γ

b+ 1 . (3)

We assume that direct transmission branch is under the influence of Rayleigh
fading, hence its instantaneous SNR follows Gama PDF, and the instantaneous
SNR in the relay transmission branch is distributed by (3) in which we select
b = 1 since we consider the NxNxN system configuration:

fΓ1 := 1
γm · Γ (m) γ

m−1e
− γ
γ , fΓ2 := 2m

γm · Γ (m) γ
m−1e

− 2·γ
γ . (4)

The resulting random variable is sum of two random variables each following
Gamma PDF with different scale parameter:Γ = Γ1 + Γ2. In arbitrary case the
sum of n random variables which follow gamma PDFs with different shape and
scale parameters is:

Y = X1 +X2 + ...+Xn, fi (xi) = xαii
θaii · Γ (αi)

e
− xiθi . (5)

The random variable Y is distributed by following PDF [16]:

g (y) = C ·
∞∑
k=0

δk · yρ+k−1

Γ (ρ+ k) · θρ+k
l

e
− y
θl , θl = min

i
(θi) , ρ =

n∑
i=1

αi,

C =
n∏
i=1

(
θl
θi

)αi
, δk+1 = 1

k + 1 ·
k+1∑
i=1

i · γi · δk+1−i, k = 0, 1, 2, δ0 = 1,

γk = 1
k

n∑
i=1

αi

(
1− θl

θi

)k
, k = 1, 2, ... (6)

We simplify the parameters given in (6) for the case of two random variables:

θl = γ

b+ 1 , ρ = 2 ·m, C = (b+ 1)−m , δi =
(m)i
i! ·

(
b

b+ 1

)i
, (7)

where (...)... represents pochhammer symbol. In case of NxNxN system (b = 1)
parameters in (7) are:

θl = γ

2 , ρ = 2 ·m, C = 2−m, δi =
(m)i
i! ·

(
1
2

)i
. (8)

If parameters from (8) are introduced in expression for g(y) in (6) we obtain
the PDF of the random variable Γ representing the instantaneous SNR in the
destination of amplify-and-forward MIMO relay system with direct link:

fΓ (γ) =
∞∑
k=0

(m)k
k! ·

γ2m+k−12m

Γ (2m+ k) · γ2m+k · e
− 2·γ

γ . (9)



If (9) is introduced in Pout = FΓ (γ)|γ=γth we obtain the outage probability of
amplify-and-forward MIMO relay system with direct link to the destination:

Pout = 1−
∞∑
k=0

(m)k
k! · 2m+k ·

Γ
(

2m+ k, 2·γth
γ

)
Γ (2m+ k) . (10)

4 Numerical results

Fig. 2. Outage probability for NxNxN 222/334/434 OSTBC system with and without
direct link to the destination for γth = 5dB

On Fig.2 we present the comparison of the outage probability for amplify-and-
forward MIMO relay system with and without direct link to the destination for
γth = 5dB. The curves on these figures are obtained by usage of the expressions
(1) and (10) which are based on the approximation of the PDF of the cascade
MIMO relay channel given with (3). From Fig.2 we conclude that the systems
with direct link has much lower outage probability in comparison to the systems
without direct link, as it could be expected from the information theoretic anal-
ysis given in [10]. For example, for the 2x2x2 system for ρ = 10dB ( where ρ
is the average SNR per symbol per node) the outage probability of the system
without direct link is 4 · 10−2, and the outage probability of the same system
with direct link is 4 · 10−6 resulting in four order of magnitude improvement.
Moreover, from Fig.2 it is obvious that the systems with direct link has greater
diversity gain compared to the cascade systems. The difference in diversity gain
is reduced by increase of the number of antennas.



5 Conclusion

In this paper we have analyzed the dual-hop relay system with multiple an-
tennas at the source, the relay and the destination that utilize OSTBC and
amplify-and-forward relaying schemes. We analyzed the outage probability of
this system in case when direct link to the destination is available. For such
relay system we have derived generalized closed form expressions for approxima-
tion of the outage probability (10). We compared the results obtained with this
approximation with results from the literature for amplify-and-forward MIMO
relay systems without direct link to the destination. The amplify-and-forward
MIMO relay system with direct link to the destination shows significant outage
probability improvement yielding to significant diversity gain.

References

1. Sendonaris A. , Erkip E. , Aazhang B.: User Cooperation Diversity Part I and Part
II. IEEE Transactions on Communications, vol. 11, pp. 1927-48 (2003)

2. Lee I-H., Kim D.: Decouple-and-Forward Relaying for Dual-Hop Alamouti Trans-
missions. IEEE Communications Letters, vol. 2 (2008)

3. Stosic J., Hadzi-Velkov Z.: Simple tight approximations of the error performance
for dual-hop MIMO relay systems in Rayleigh fading. AEU - International Journal
of Electronics and Communications, vol. 67, no. 10, pp. 854-960, (2013)

4. Stosic J. , Hadzi-Velkov Z.: Outage probability approximations for dual-hop
Amplify-and-Forward MIMO relay systems in Rayleigh fading. Proc. 11th Inter-
national Conference on Telecommunication in Modern Satellite, Cable and Broad-
casting Services (TELSIKS 2013), Nis, Serbia (2013)

5. Stosic J., Hadzi-Velkov Z.: Performance analysis of dual-hop MIMO systems. Proc.
2nd Conference on Information and Communication Technologies’ Innovations
(ICT Innovations 2010), Ohrid, Macedonia (2010)

6. Stosic J., Hadzi-Velkov Z.: Performance analysis of dual-hop dual-antennas MIMO
systems in Rayleigh fading. Proc. 2nd International Congress on Ultra Modern
Telecommunications and Control Systems (ICUMT 2010), Moscow, Russia (2010)

7. Stosic J., Hadzi-Velkov Z.: Approximate Performance Analysis of Dual-hop
Decouple-and-Forward MIMO Relaying. Proc. 11th International Conference on
Electronics, Telecommunications, Automation and Informatics, Macedonia (2013)

8. Jafarkhani H.: Space Time Coding Theory and Practice. Cambridge University
Press,Cambridge (2005)

9. Tarokh V., Jafarkhani H. , Calderbank A. R.: Space-time block codes from orthog-
onal designs. IEEE Transactions On Information Theory, vol. 5, (1999)

10. Cover T. M. , Gamal A. E.: Capacity Theorem for the relay channels. IEEE Trans-
actions on Information Theory, vol. IT-25, no. 5, (1979)

11. Gamal A. E., Kim Y-H., Network Information Theory. Cambridge U.P. (2011)
12. Hasna M. O., Alouini M.S.: A Performance Study of Dual-Hop Transmissions With

Fixed Gain Relays. IEEE Transactions On Wireless Communications, vol. 6 (2004)
13. Simon M. K. , Alouini M. S.: Digital Communication over Fading Channels, Second

Edition. Wiley, New York (2005)
14. Gradshteyn I. S., Ryzhik I. M.: Table of Integrals, Series, and Products, 6th ed.

Academic Press, Burlington USA (2000)



15. Abramowitz M., Stegun I. A.: Handbook of Mathematical Functions with Formu-
las, Graphs, and Mathematical Tables, 9th edition. Dover, New York (1970)

16. Moschopoulos P. G.: The Distribution of the Sum of Independent Gamma Random
Variables. Annals of the Institute of Statistical Mathematics (1985)


